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INTRODUCTION

The LARASE (2013-2019) and SaToR-G (started on 2020) are two experiments, funded by

the Italian National Institute for Nuclear Physics (INFN-CSN2), devoted to measurements of

the gravitational interaction in the Weak-Field and Slow-Motion limit of General Relativity

by means of laser tracking to geodetic passive satellites orbiting around the Earth.

A main point of these activity is the modeling of both gravitational and non-gravitational

perturbations.

Today we will present:

• Measurement of Lense-Thirring effect,

• Preliminary measurement to constrain Yukawa-like interactions.

LARASE SaToR-G

2013 2019 2020 2024
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EXPERIMENTAL FRAMEWORK

The predictions of GR on the orbits of geodetic satellites, which play the role of test masses, are

compared with measured ones.

LARES (ASI, 2012)
LAGEOS (NASA, 1976) LAGEOS II (ASI/NASA, 1992)
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THE LENSE-THIRRING PRECESSION

The so-called Lense-Thirring effect consists of a precession of the orbit of a satellite around

a primary produced by its rotation, i.e. by its angular momentum J (mass currents).

This precession produces a secular effect in two orbital elements:

‐ the right ascension of the ascending node (RAAN), Ω

‐ the argument of pericenter, ω

𝐽⨁ is the source of the effect
G, c are two fundamental constants of nature
a, e, i mean Keplerian elements

𝜇 = ቊ
1 in General Relativity
0 in Newtonian physics

Rate (mas/yr) LAGEOS LAGEOS II LARES

ሶΩ𝐿𝑇 +30.67 +31.50 +118.48

ሶ𝜔𝐿𝑇 +31.23 -57.31 -334.68
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SYSTEMATIC ERRORS

Among the main perturbations to consider we have:

• The gravitational perturbations

• Earth’s gravitational field

• Tides

‐ Ocean

‐ Solid

• General relativity

• The non-gravitational perturbations

• Thermal thrust 
• …

Main source of error
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SYSTEMATIC ERRORS

• The Lense-Thirring precession is very small compared to the classical precession of the orbit due to

the deviation from the spherical symmetry for the distribution of the Earth's mass, or even compared

to the same relativistic Schwarzschild precession produced by the mass of the primary (≈ 3350

mas/yr for LAGEOS)
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Therefore, the correct modelling of the even zonal harmonics (ℓ = even, m = 0) represents the main

challenge in this kind of measurements, since they have the same signature of the relativistic effect but

much larger amplitudes. These harmonics are the main sources of systematic errors
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THE MODELING OF THE EVEN ZONAL HARMONICS OF 
THE GRAVITATIONAL FIELD

• We considered several static models for the

background gravitational field of the Earth

• To reduce the impact of the harmonics, we

modeled the first 10 even zonal harmonics

exploiting their significant time dependency as

well evidenced by their Temporal Solutions

(TS) provided by the GRACE (NASA/DLR)

mission

∆ ҧ𝐶10,0

ҧ𝐶10,0
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PRECISE ORBIT DETERMINATION  

‐ Background gravity model: GGM05S
+ other fields from GRACE

‐ Arc length of 7 days

‐ No empirical accelerations

‐ Thermal thrust effects (Yarkovsky
Schach and Rubincam) not modelled

‐ General relativity modelled with the
exception of the Lense-Thirring effect

1. EIGEN-GRACE02S (2004)

2. GGM05S (2014)

3. ITU_GRACE16 (2016)

4. Tonji-Grace02s (2017)

The data reduction of the satellites orbit has been done with GEODYN II (NASA/GSFC) on a time span of

about 6.5 years (2359 days) from MJD 56023, that is from April 6th 2012, and we computed the residuals

on the orbit elements of LAGEOS, LAGESOS II and LARES:
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ANALYSIS METHOD

• By solving a linear system of three equations in three unknowns, we can solve for the

relativistic precession while reducing the impact in the measurement of the non perfect

knowledge of the Earth’s gravitational field:

ሶΩ2
𝐿1𝛿𝐽2 + ሶΩ4

𝐿1𝛿𝐽4 + ሶΩ𝐿𝑇
𝐿1𝜇 +⋯ = 𝛿 ሶΩ𝑟𝑒𝑠

𝐿1

ሶΩ2
𝐿2𝛿𝐽2 + ሶΩ4

𝐿2𝛿𝐽4 + ሶΩ𝐿𝑇
𝐿2𝜇 +⋯ = 𝛿 ሶΩ𝑟𝑒𝑠

𝐿2

ሶΩ2
𝐿𝑅𝛿𝐽2 + ሶΩ4

𝐿𝑅𝛿𝐽4 + ሶΩ𝐿𝑇
𝐿𝑅𝜇 +⋯ = 𝛿 ሶΩ𝑟𝑒𝑠

𝐿𝑅

𝜇, δ𝐽2, δ𝐽4

ሶΩ𝐺𝑅
𝑐𝑜𝑚𝑏 = 50.17 𝑚𝑎𝑠/𝑦𝑟

ሶΩ𝑐𝑜𝑚𝑏 = ሶ𝛿Ω𝑟𝑒𝑠
𝐿1 + 𝑘1𝛿 ሶΩ𝑟𝑒𝑠

𝐿2 + 𝑘2𝛿 ሶΩ𝑟𝑒𝑠
𝐿𝑅

𝑘1 ≅ 0.345
𝑘2 ≅ 0.073

𝜇 =
ሶΩ𝑐𝑜𝑚𝑏

ሶΩ𝐺𝑅
𝑐𝑜𝑚𝑏 = ቊ

1 in General Relativity

0 in Newtonian physics
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LENSE-THIRRING MESUREMENT

• Different models for the gravitational field were considered: GGM05S, EIGEN-GRACE02S,
ITU_GRACE16, Tonj-Grace02S

Cumulative sum for 
Results for  from the linear system

Gussian-like distribution for 
K  +3.097    S  − 8.410−3

We have adopted a linear regression.
The measurement is consequently
more robust than one made using a
multiparameter non-linear fit.



Guadalajara, 8th  november 2022

LENSE-THIRRING MEASUREMENT

𝝁𝒎𝒆𝒂𝒔− 𝟏 = 𝟏. 𝟓 × 𝟏𝟎−𝟑± 𝟕. 𝟒 × 𝟏𝟎−𝟑± 𝟏𝟔 ×𝟏𝟎−𝟑

Errors @ 95% CL

Model 𝜇 ± 𝛿𝜇 𝜇 − 1

GGM05S 1.0053 0.0074 + 0.0053

EIGEN-
GRACE02S

1.0002 0.0074 + 0.0002

ITU_GRACE16 0.9996 0.0074 − 0.0004

Tonji-Grace02s 1.0008 0.0074 + 0.0008

This is indeed a very precise and accurate measurement

Perturbations δμsys [%]

Gravitational field 1.0

Tides 0.6

Periodic effect 1.0

De Sitter effect 0.3

RSS 1.6

SAV 2.9

D. Lucchesi et al: An improved measurement of the Lense-Thirring precession on the orbits of laser-ranged satellites with an 

accuracy approaching the 1% level,  arXiv:1910.01941, oct 2019 

D. Lucchesi et al.: 1% Measurement of the Gravitomagnetic Field of the Earth with Laser-Tracked Satellites, Universe 2020, 6, 139
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SaToR-G EXPERIMENT

• The analysis of the satellites’ orbits lets to measure some gravitational effects and put

constrains on different gravitation theories. The main possible measurements are:

‐ Constrains on long range Yukawa-like interations (5th force, …)

‐ PPN parameters and their combinations: β, γ, 1, 2

‐ Relativistic precessions and not linear gravitational interation

‐ EEP and its strong formulation (SEP and Nordtvedt effect: 𝜂𝑛 = 4𝛽 − 𝛾 − 3)

• The final goal is to perform precise and accurate measurements, i.e. to valuate the systematic

errors affecting the measurements to get meaningful constrains on the different theories.

β = 1

γ = 1

1 = 2 = 0

ηn = 0

In General Relativity
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• A Yukawa-like potential produces a radial acceleration that gives

secular effect only on two orbital parameters. The effects are function of the mean orbital

parameters a,e, of the true anomaly f and of the mean motion n.

YUKAWA-LIKE INTERATION

ℜ = −
𝐺∞𝑀⊕

𝑎2
𝑎

𝑟

2

𝛼 1 +
𝑟

𝜆
𝑒−

𝑟
𝜆

ሶ𝜔(𝛼, 𝜆) = −
1 − 𝑒2

𝑛 𝑎 𝑒
ℜ cos𝑓

ሶ𝑀(𝛼, 𝜆) = 𝑛 +
1

𝑛𝑎
ℜ

cos𝑢(𝑓, 𝑒)

𝑒 1 − 𝑒2
− 1 − 𝑒2 sin 𝑓 sin𝑢(𝑓, 𝑒) + 2

1 − 𝑒2

1+ 𝑒 cos 𝑓

Argument of 
pericenter

Mean anomaly

• The effect of this interaction must be compared with the precession predicted by General

Relativity
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RELATIVISTIC PRECESSIONS

Rate (mas/yr) LAGEOS LAGEOS II LARES

ሶ𝜔𝑆𝑐ℎ𝑤 +3278.78 +3352.58 +10110.15

ሶ𝜔𝐿𝑇 +31.23 -57.33 -124.53

ሶ𝜔𝐽2 -3.62 +2.69 -26.03

Total +3306.38 +3352.58 +9959.59

ሶ𝜔𝑆𝑐ℎ𝑤 =
3 𝐺𝑀⨁

Τ3 2

𝑐2 𝑎 Τ5 2 1 − 𝑒2

ሶ𝜔𝐿𝑇 = −
6𝐺

𝑐2𝑎3
𝐽⨁

1 − 𝑒2 Τ3 2
cos 𝑖

ሶ𝜔𝐽2
𝑖𝑛𝑑𝑖𝑟 = −

3𝑛3𝐽2𝑅⨁
2

8𝑐2
5 1 + 𝑒2 − 17 + 25𝑒2 𝑐𝑜𝑠2𝑖

1 − 𝑒2 3

ሶ𝜔𝐽2
𝑑𝑖𝑟 =

3𝑛3𝐽2𝑅⨁
2

8𝑐2 1− 𝑒2 Τ7 2 30+ 19 1− 𝑒2 + 6𝑒2 −5 + 6 1− 𝑒2 + 9 6 + 5 1− 𝑒2 + 6𝑒2 −9+ 10 1− 𝑒2 cos 𝑖

Rate (mas/yr) LAGEOS LAGEOS II LARES

ሶ𝑀𝑆𝑐ℎ𝑤 − 3278.75 − 3352.26 − 10110.14

ሶ𝑀𝐽2𝑟𝑒𝑙
− 0.92 + 0.15 − 6.71

Total -3279.67 -3352.11 -10116.85

ሶ𝑀𝑆𝑐ℎ𝑤 = − 1 − 𝑒2 ሶ𝜔𝑆𝑐ℎ𝑤

Argument of pericenter

Mean anomaly
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MEASUREMENT OF PERIGEE AND MEAN ANOMALY

We are therefore interested in new analyzes of the long-term and secular effects on the orbits of the

two LAGEOS and (possibly) of LARES to further constrain a possible long-range force described

by a Yukawa-like potential

• Improve the results of a previous measurement (2014) obtained with LAGEOS II argument of

pericenter including LAGEOS

• Perform the analysis over the entire life of LAGEOS II, about 28 years

• Prefer linear fits to non-linear ones

• Compare the results with the predictions of GR and of other ATG

D. Lucchesi, R. Peron, LAGEOS II pericenter general relativistic precession (1993-2005): Error budget and constraints in

gravitational physics. Phys. Rev. D 89, 082002, doi:10.1103/PhysRevD.89.082002, 2014
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PRELIMINARY ANALYSIS: 
ARGUMENTS OF PERICENTER LAGEOS AND LAGEOS II

• The analysis was done on a time span of 13.7 years to reduce systematic errors introduced by 

gravitational field

• The use of two observables allows to cancel the errors due to J2 

𝜺 − 𝟏 ≅ 𝟑 × 𝟏𝟎−𝟐± 𝟏 × 𝟏𝟎−𝟐± …

ሶ𝜔𝑟𝑒𝑠
𝐿1 + 𝑘 ሶ𝜔𝑟𝑒𝑠

𝐿2 𝑘 ≅ +0.489594

But the unmodelled thermal thrust 

effects are too large on LAGEOS

ሶ𝜔𝑡𝑜𝑡 = 𝜺 ሶ𝜔𝐺𝑅 + ሶ𝜔𝐺𝑃+ ሶ𝜔𝑁𝐺𝑃 +⋯
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PRELIMINARY ANALYSIS: LAGEOS II
ARGUMENT OF PERICENTER AND MEAN ANOMALY

𝜺− 𝟏 = (−𝟎. 𝟏𝟐 ± 𝟐. 𝟏𝟎) ∙ 𝟏𝟎−𝟑± 𝟐. 𝟓 ∙ 𝟏𝟎−𝟐

A previous measurement in 2014 was made

using a no linear fit:

Linear Fit

13.7 years

𝜺 − 𝟏 ≅ +𝟎. 𝟑𝟓 ± 𝟐. 𝟒𝟐 × 𝟏𝟎−𝟑± 𝟎. 𝟖 ∙ 𝟏𝟎−𝟐

ሶ𝑴𝒓𝒆𝒔
𝑳𝟐 + 𝒌 ሶ𝝎𝒓𝒆𝒔

𝑳𝟐 𝒌 ≅ −𝟎. 𝟏𝟐𝟑𝟓𝟎𝟎

• The analysis was done on a time span of 13.7 years to reduce systematic errors introduced by 

gravitational field

• The use of two observables allows to cancel the errors due to J2 
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COMPARISATION WITH PREVIOUS RESULTS

1981

1998

2003

2022
LAGEOS II precession

2022

2014

2014
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CONCLUSIONS

• The LARASE (2013-2019) and SaToR-G (2020-) experiments, funded by the Italian National Institute for

Nuclear Physics (INFN-CSN2), were devoted to measurements of the gravitational interaction in the

Weak-Field and Slow-Motion limit of General Relativity by means of laser tracking to geodetic passive

satellites orbiting around the Earth.

• One of the main objectives of the LARASE was a robust and reliable measurement of the Einstein-

Thirring-Lense precession. This objective was achieved after a careful evaluation of the main sources of

systematic error, in particular those due to the even zonal harmonic coefficients (ℓ = even and m = 0) using

GRACE's time solutions.

• The goal of SaToR-G is to place constraints on different theories of gravitation beyond General Relativity.

• A preliminary measurement to constrain Yukawa-like interactions (deviation from 1/r2 dependance) was

presented.

• A further important activity carried out by LARASE and SaToR-G is to improve the dynamic model of the

three satellites, in particular that of the main non-conservative forces acting on their surface.
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